Nonlinear operations such as multiplication of distributions are not allowed in the classical theory of distributions. As a result, some ambiguities arise when we want to solve nonlinear partial differential equations such as differential equations of elasticity and multifluid flows, or some new cosmological models such as signature changing space-times. Colombeau's new theory of generalized functions can be used to remove these ambiguities. In this paper, we first consider a simplified model of elasticity and multifluid flows in the framework of Colombeau's theory and show how one can handle such problems, investigate their jump conditions, and resolve their ambiguities. Then we consider as a new proposal the case of cosmological models with signature change and use Colombeau's theory to solve Einstein equation for the beginning of the Universe.
1. Introduction. Classical theory of distributions, based on Schwartz-Sobolev theory of distributions, does not allow nonlinear operations of distributions [4] . In Colombeau's theory, a mathematically consistent way of multiplying distributions is proposed. Colombeau's motivation is the inconsistency in multiplication and differentiation of distributions. Take, as it is given in the classical theory of distributions, θ n = θ ∀n = 2, 3,..., (1.1) where θ is the Heaviside step function. Differentiation of (1.1) gives
Taking n = 2, we obtain 2θθ = θ . Multiplication by θ gives 2θ 2 θ = θθ . Using (1.2), it follows that
which is unacceptable because θ = 0. The trouble arises at the origin being the unique singular point of θ and θ . If one accepts to consider θ n = θ for n = 2, 3,..., the inconsistency can be removed. The difference θ n − θ, being infinitesimal, is the essence of Colombeau's theory of generalized functions. Colombeau considers θ(t) as a function with "microscopic structure" at t = 0, making θ not to be a sharp step function, but having a width . θ(t) can cross the normal axis at any value of τ where 0 < τ < 1. It is interesting to note that the behavior of θ n (t) around t = 0 is not the same as θ(t), that is, θ n (t) = θ(t) around t = 0 [8] . In the following we give a short formulation of Colombeau's theory. This smoothing procedure is valid for distributions too. Take the distribution R, then by smoothing of R we mean one of the two convolutions (2.1) or (2.2), with f replaced by R. Now we can perform the product Rf of the distribution R with the discontinuous function f through the action of the product on a test function Ψ as follows
New generalized functions
3)
The multiplication so defined does not coincide with the ordinary multiplication even for continuous functions. To resolve this difficulty consider one-parameter families (f ) of C ∞ functions used to construct the algebra
where Take a suitable ideal ᏺ(R n ) defined as
containing negligible functions such as
Now, the Colombeau's algebra Ᏻ(R n ) is defined as
A Colombeau's generalized function is thus a moderate family (f (x)) of C ∞ functions modulo negligible families. Two Colombeau's objects (f ) and (g ) are said to be associate (written as For an extensive introduction to Colombeau's theory, see [1, 2, 3, 6, 7, 8, 9] .
3. Theory of elasticity and Colombeau's algebra. In this section, we consider a simplified model of elasticity to apply new generalized functions for investigating jump conditions of nonlinear PDEs arising in this theory. Jump conditions are important in elasticity since these conditions contain information about the behavior of the system on the boundary and wavefront. On the other hand, a part of the structural properties about the medium are contained in these jump conditions. In the system of elasticity, Hooke's law in terms of the stress σ can be expressed as
and lowercase indices show derivatives with respect to these indices. Now the equations of system of elasticity are
where ρ = density, u = velocity, and k 2 = constant. Equations (3.1) are stated with three associations since we know this statement is a faithful generalization of the concept of weak solutions of systems in conservative form.
3.1. Jump conditions. Now we want to consider jump conditions for this model of elasticity. For this end we seek travelling waves solutions for (3.1) of the form
with H, K, and L three Heaviside generalized functions and ∆u, ∆σ , and ∆ρ the differences between two values of the velocity, stress, and density in two different sides of jump surface (wavefront). Also u l , σ l , and ρ l are the values of the corresponding quantities in the left side of the jump surface. Putting (3.2) into the first equation of (3.1), we get (assuming that ∆ρ ≠ 0)
where c is the speed of shock wave in the medium. The second equation of (3.1) gives
These two equations are exactly the classical Rankine-Hugoniot jump conditions [5] , since these equations are in conservative form. Putting (3.2) into the last equation of (3.1), we get
where A is a real number. In derivation of (3.5) we have used the fact that Dirac δ-function and Heaviside step functions are linearly independent so the terms containing delta function in two different sides of equation must be equal. Now (3.3), (3.4), and (3.5) can be rewritten as
In these equations ρ r and ρ l are the values of ρ in the right and left-hand side of the wavefront and [F ] is the jump of any quantity F . As usual, we find that the jump conditions of (3.1) depend on an arbitrary parameter, the real number A. Since A is an arbitrary parameter, we encounter infinite number of possible jump conditions, each of which gives a different physical interpretation. But physical phenomena must have single interpretation, so we must remove this ambiguity and it is interesting that this ambiguity arises because of difficulties inherent in the classical theory of distributions.
3.2.
Resolution of the ambiguities. Now according to Colombeau's theory we can state (3.1) in more precise form
The first two equations of (3.8) are equivalent to
since ρ ≠ 0. It is convenient to set v = 1/ρ, where v is called the specific volume. Then (3.9) takes the form
Now we can restate (3.2) in the following form:
with H, K, M ≈ θ, the Heaviside function. The first equation in (3.10) gives
In this relation the prime denotes usual differentiation with respect to the argument of the functions. The jump condition for the first equation of (3.8) is
which can be written as
Then (3.12) gives
Putting (3.11) into the second equation of (3.10), we can obtain
The jump condition of the second equation in (3.8) gives
Now we can consider (3.14), (3.16), and (3.17) together to find
Setting α = v l /∆v > 0, then (3.15) and (3.18) are the system
Now these equation can be rewritten as and therefore A = 1/2. As a conclusion to the above argument we can state the following theorem.
Theorem 3.1. The system of two equations and three unknowns
is equivalent to the system (v = 1/ρ),
Further, travelling waves of the form where the terms αp x and (1 − α)p x show multiplications of distributions of the form θδ in the case of shock waves. Now we must state the four first equations with equality in Ᏻ. This means that we assume that their relevance in space-time volumes are smaller than the width of shock waves. Consider the following change of variables:
then the first four equations in (4.1) become
The first and third equations of (4.3) give 4) and assuming that α is nowhere vanishing, we can define
(4.5) Therefore (4.3) can be written as
4.2. Jump conditions. We want to consider travelling wave solutions for the set of nonlinear partial differential equations and investigate their jump conditions in the framework of Colombeau's theory. Let the solutions to these equations be of the forms:
are Heaviside generalized functions.
From the first equation of (4.7) we have
where one deduces M 1 = H 1 . Similarly, the second equation of (4.7) yields M 1 = H 1 . Therefore the two first equations of (4.6) can be written respectively as
(4.9)
Now the third and fourth equations of (4.1) according to (4.7) and (4.9) become
(4.10)
Adding the two equations of (4.10) and after integration, one obtains the relation As a result we can consider the following theorem.
4.3.
Theorem. Equation (4.7) is a solution of (4.6) if and only if the following relations hold
The last equation of (4.13) has the product LK which yields an ambiguity in the framework of classical theory of distributions, but now in the framework of Colombeau's algebra we have
where A is a real number and therefore there is not any ambiguity in this new framework. The identification Σ − = Σ + =: Σ gives the single-glued manifold M = M + M − . There are two methods of handling singular hypersurface Σ in general relativity. The most used method of Darmois-Israel, based on the Gauss-Codazzi decomposition of space-time, is handicapped through the junction conditions which make the formalism unhandy. For our purposes the distributional approach is the most suitable one [7] . In this formalism the whole space-time manifold, including the singular hypersurface, is treated with a unified metric without bothering about the junction conditions along the hypersurface. These conditions are shown to be automatically fulfilled as part of the field equations. In the distributional approach one chooses special coordinates which are continuous along the singular hypersurface to avoid nonlinear operations of distributions. Here, using Colombeau's algebra, which allows for nonlinear operations of distributions, we generalize the distributional method to the special case of signature changing cosmological models.
Consider as a simple model universe a space-time with the following FriedmannRobertson-Walker FRW metric containing a step-like lapse function
where
− (t)θ(−t). (5.3)
We assume [a] = a + − a − = 0 to achieve continuity of the metric on the surface of signature change. Note that we have assumed for simplicity k + = k − = k. This metric describes a signature changing space-time with the singular surface t = 0. It describes a Riemannian space for t < 0 and a Lorentzian space-time for t > 0. We choose
This value gives us the correct change of sign in going from t < 0 to t > 0. This "regularization" of f (t) at t = 0 allows us to use operations such as f (t)
, and
In what follows we consider f (t) to be the regularized functionf , defined according to Colombeau's algebra. Now, we are prepared to calculate the dynamics of the signature changing hypersurface in the line of distributional procedure [7] . First we calculate the relevant components of the Einstein tensor for the metric (5.1):
According to the standard calculus of distributions, we havė
f (t) =θ(t) −θ(−t) = δ(t) + δ(−t) = 2δ(t), (5.10)
taking into account δ(−t) = δ(t). Now, using Colombeau's algebra we can write (based on (4.14))
Therefore we may write
In evaluating (5.6)-(5.9) we should take care of the following property of association. Having
we are not allowed to conclude
Since the time derivative of any discontinuous function F is given bẏ
using the relations (5.6)-(5.9) we obtain for the singular parts of these equationŝ This is a rigorous calculation concerning the question of vanishing the left-hand side of the Einstein equation on the surface of signature change. Our calculation based on Coloumbeau's algebra shows definitely that there are nonvanishing terms on the lefthand side of the field equations related to the signature change surface. Now we have to look at the energy-momentum tensor on the right-hand side, its possible interpretation and consequences for the dynamics of the signature change surface.
According to [7] the complete energy-momentum tensor (with any kind of matter content) can be written as
where T ± µν are energy-momentum tensors corresponding to Lorentzian and Euclidean regions, respectively, and C is a constant which can be obtained by taking the following pill box integration defining S µν :
we find
where Φ = t = 0 defines the singular surface Σ. The vector n µ is normal to the surface Φ and n measures the distance along it. Using the metric (5.1), we obtain
zero for → 0. Therefore, we obtain from (5.23) the final form of the energy-momentum tensor of the singular surface, or the dynamics of, Σ:
(5.27)
Therefore the "energy-momentum" tensor of the singular hypersurface is
where we have used (5.5) . In this equation all quantities are to be taken at t = 0, and H 0 is defined as
which is the familiar Hubble constant at the signature change surface. This is our nontrivial and nonexpected result. One may question the validity of Coloumbeau's algebra, although it sounds physically well motivated and based on good physical intuition. The above result shows that within this algebra it is not reasonable to assume that the energy momentum tensor at the singular hypersurface of signature change is vanishing, as is usually assumed in the literature. If we assume that [ȧ] = 0 (as is usually assumed in the literature), then (5.28) will give S ν µ = 0, but this is not necessary in general. Therefore the condition [ȧ] = 0 is not compulsory on the singular surface.
We have seen that the requirement of signature change leads to a very specific and nonvanishing form for the S µν . Since the nonvanishing terms of S µν are related to the extrinsic curvature of the signature change surface, they tell us how it is embedded in the space-time. Therefore one should not be bothered about its matter interpretation. This form of the energy-momentum tensor of the singular hypersurface we have obtained set limits to the possible space-times emerged after signature change. As an example, we will consider in the next section the possibility of the emergence of de Sitter space-time after signature change.
Junction conditions for de Sitter manifold in the line of differential geometry.
According to the Hartle-Hawking proposal, the universe after signature change should be a de Sitter universe (inflationary phase). We assume that the space-time after signature change is a de Sitter one. Consider now the following de Sitter metric with appropriate lapse function f (t) in order to contain signature change at t = 0. The t = const sections of this metric are surfaces of constant curvature k = 1: 0 . Therefore, the following relation between the cosmological constant and the radius of the boundary is obtained:
Following the same procedure as for the metric (5.1) and again using Colombeau's algebra, or simply using (5.28), we find for the elements of energy-momentum tensor of the hypersurface
where Π is defined as
We therefore conclude that given the de Sitter metric in the form of (5.6), the energymomentum tensor of the hypersurface of signature change defined by t = 0 vanishes. This is a familiar result that the previous authors usually assume from the beginning, but we obtain it as a special case depending on the form of the metric of space-time. It may be useful to look at the Darmois-Israel approach. There, we have the following relation between the energy-momentum tensor of the singular hypersurface and the jump of the extrinsic curvature: 
The corresponding components in the Euclidean sector are (with f (t) = −1)
Now we obtain for the jump of the extrinsic curvature on the signature change surface
(5.40)
Within the Darmois-Israel approach to signature change it is used to assume that the energy-momentum tensor of the singular hypersurface vanishes. Therefore, given the above result, the junction condition (5.35) is satisfied and it is concluded that the matching is possible. In contrast to this within the distributional approach, using Coloumbeau's algebra, we obtain in general a nonvanishing expression for the energymomentum tensor S µν and no explicit junction condition. The Einstein equations written for the whole manifold imply the junction conditions. Only in the special case of the metric (5.30) the matching at t = 0 leads to S µν = 0. One could require a matching along other sections corresponding to a nonmaximum radius of the Euclidean sector or a nonminimum radius of the Lorenzian sector. In this case the energy-momentum tensor of the singular surface may not be vanishing any more, and has to be checked in each case.
Conclusions.
Since the classical theory of distributions is unable to handle nonlinear operations on distributions, Colombeau's theory of generalized functions gives a reasonable framework to do such nonlinear operations and as a result this theory can be used to remove ambiguities of classical theory. In this paper, we have used this new theory to solve the partial differential equations of two systems: a system of elasticity and a system of multifluid flow. Although physically this problem must have unambiguous travelling waves solutions, classical theory of distributions for such solutions encounter some ambiguities such as infinite number of jump conditions. Since jump conditions have most of the information on the boundary surface, infinite number of jump conditions physically is not acceptable, so one have to resolve this ambiguity. These ambiguities in the classical theory of distributions are unavoidable, but in new theory of generalized functions there are mathematically consistent way to remove these ambiguities. In the line of removing these ambiguities we arrived at the important result between Heaviside step function and Dirac δ-function, relation (4.14) with A = 1/2. One can do some numerical calculations based on these analytical considerations to find deeper insight in this subject, which is the title of our forthcoming paper.
On the other hand, based on the important result (4.14), one can consider the formalism of singular hypersurfaces in general relativity in the framework of distributional approach. We have considered such a problem for the case of cosmological models with signature change and we have found the dynamics of this hypersurface in Colombeau's algebra. As we have shown, using Coloumbeau's algebra we could show that the energymomentum tensor of the hypersurface of signature change does not vanish in general, and its space components are proportional to the jump of the derivative of the scale factor, or to the jump of the Hubble parameter. For the special case of de Sitter space-time we have shown that this jump vanishes, and the matching along the t = 0 hypersurface, corresponding to the equator of the Euclidean sector, is possible. This is in agreement with the previous results based on the Darmois-Israel approach. One could try to do the matching along other sections or other metrics and compare the results with that of the Darmois-Israel approach. This will be done in a forthcoming paper.
